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NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS 

TECHNICAL NOTE NO. 993 

ANALYTICAL STUDY OF TRANSMISSION OF LOAD FROM SKIN 

TO STIFFENERS AND RINGS .OF PRESSURIZED CABIN STRUCTURE* 

By Theodore Hsueh-Huang Plan 

SUMMARY 

The general problem of this paper is the deformation 
and the stress analysis of-a pressurized- .cabin, structure, 
consisting of sheet metal skin, longitudinal stringers, and . • 
a finite number of rings which are equally spaced "between 
two end bulkheads.  The minimum potential energy method is 
used.  The deformations are calculated "by solving the simul- 
taneous difference equations, involving three deformation 
parameters «- radial expansion of rings, quilting of stringers, 
and transverse elongation of skin.  The tensile- stress.es of 
the rings and the stringers, and the longitudinal and the >... 
circumferential stresses of the skin are determined from the, ;. 
deformations.  A few special cases from the general prqb<lem\ , 
are also considered. ,.~ w •. r.-..: 

The results obtained during tests of pressurized cabin 
structures by both the Lockheed Aircraft Corporation, and the 
Consolldated-Vultee Aircraft Corporation yield reasonable 
checks with the results frpm the theoretical analysis. 

INTRODUCTION 

The requirements of comfort during a high altitude 
bombing mission, and in the .commercial passenger airplane, 
call for a new design trend: of airplane structure», the pre«- • 
surized cabin structure. :. ' -   - .  •  . 

* r     i •  • t' HI  i '   i f • | 

•Thesis submitted in partial fulfillment of the require- 
ments for the degree of Master of Science from Massachusetts 
Institute of Technology, 1944. 
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A series of laboratory'ihvestiga^ions (reference l) 
were carried out at Wright Field during 1935 and 1936, on 
pressure cabins, the results of which formed the basis of 
the specifications of the fir.st praotical substratosphere 
airplane, the Air Corps Model (Lockheed) XC-35.  The results 
show also that the simplest and lightest type of structure 
is a round cylindrical ve.ss'.e.l with hemispherical heads, and 
that the present standard design of semimonocoque construc- 
tion of fuselage' is- qui-te; suitable.  The first passenger 
airplane with pressurized cabin, the Boeing 307-B "Strat'o- 
liner" (reference1 2),f %•$ ~o.f. •tt>&e same .tjjpe of all-metal 
structure as the Lockheed, circular in section, with alumi- 
num-alloy rings, partition bulkheads, longitudinal stiff- 
eners, and smooth skin alclad covering.  Following the same 
design trend, Boeing B-29 "Superfortress" also has a fuse- 
lage of circular section for holding pressure. 

:••>}•*  »*;M.':«> , :..•'    .;•..-    ..-.-•    . ,...., _•..,.„. rt„-. 

•'''• TestV'of? pressurised cabin- stru-ct-urjea. were, jj^'kjsd, out 
'in" tfe'e'-MIur^i s's-Wright Corporation, St .,'• Louis- Airpl^n^'Di'vl- 
si5pn"'C'r1erferenc'e 3), the Lockheed AircrAjft. Corporat'^oii.' jUef- 
..e'ren'ces' 4' and 5)-, and' the Consolidated-Vultee Airci-ajffe Qp.r"- 

',V°'r'a'*i'on (reference 6).  The effects- of1  the internal"pr,e(s,'- 
su'fe on tT>e' stresses and the strain of.the structure w'^ , 
'sjs'ecria'lly tnVe'sti gained in the Lockheed and the .Consaiida^e'd- 
Vultee-""AiV'craft Corporations.  The results of g.o^e pa^r-tt.cu.lar 
test section's were represented by some plots.  -Some, .ejnp&j.l.cal 

'•'formulas *Vere developed.  However, there were no anaLjjf.ti^o'ö.l 
•s'ol"ü.t'i.on's;'!for the general problem of the pressurized oabin 
structure. r •_„ ,,: . 

'••'''"'  [fee -investigations in this paper were made to obtain 
more generalized mathematical analyses . of, unonocoque struc- 
ture sül35öot6d'.-to internal press,u^et i,.,11»;,ifs also assumed, 
that-the'principle of superposition-, oaij. .-be applied, so that 
the stress analysis of a structure with combined internal 
pressure and external load oan be made without excessive 
complication. 

The author vrishes to take this opportunity to express 
his appreciation to Prof. J. S. Newell for his valuable sug- 
gestions and helpful encouragement during the preparation of 

'this thesis, and also to express his gratitude to theitflök- 
heed Aircraft Corporation and the Consolidated-Vulteeair- 
craft Corporation for their interest in this work, and their 
kind cooperation in supplying the teBt data.       \'¥ 

•i if,'.tie 
' I »:, ft r 
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KOTATI OSS     <   •-. * 

E modulus of elasticity 

|A Poisson's ratio 

p cabin internal pressure-                  '  " 

I longitudinal spacing, of-rings 

s number of stringers along circumference of-fuselage 

r radius of fuselage    .'•'.".'"         ' • 

A1 cross-sectional area of ring 

I* section moment of inertia of ring 

A cross-sectional area of stiffener              . _ 

I section moment of inertia of stiffener 

t thiokness of skin 

m total number of spaces between two heavy rings 

crx longitudinal stress 

a_ circumferential stress of skin 

ex longitudinal strain 

cz circumferential strain of skin 

X, Y, Z  rectangular coordinates, longitudinal, tangential 
end radial, respectively 

y radial displacement of either stiffeners or skin 

n an integer between?'Q. and  n 

un radial displacement of the nth ring 

wn radial displacement of skin (or stiffeners) with 
respect to ring 

vn longitudinal displacement between the nth spacing 
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M "bending moment 

a nondimensional parameter  (l/l - M>3) 

ß nondimensional parameter, ratio "between ring and skin 
area  (A'/tt) 

P  nondimensional parameter  (t/l) 

0  nondimensional parameter  (r/l) 

$ nondimensional parameter  (4TTSI/1) 

\|/ nondimensional parameter, ratio between stringer and skin 
area,  (sA/2TTrt) 

V nondimensional parameter  (p/B) 

£ operator for solving differential equation ' 

X parameter in the solution of differencial equation 

K parameter defined by equation (55) 

STATEMENT Of PROBLEM 

The simplest type of pressurized cabin structure is a . 
cylindrical shell with hemispherical heads, as shown in fig- 
ure 1.  This fuselage is divided longitudinally into many, 
similar sections, each one of which consists primarily of: 

1. Sheet-metal covering - the skin 

^2. Longitudinal stiffening members - the stringers 
.••.•-..-:;-.r -.' ..••.••' • • <    •   '•'     •  ••.'-• ,• r ...,..-.. •  .   * ~ ..  ••• 

'    *  ..•••:  -  , .  , . 

3. Transverse stiffehihg-elemgnts -the lighter forming 
rings, and the heavy partition bulkheads 

The present problem is limited to the stress analysis 
of this kind of structure when subjected to. internal pres- 
sure only.  The analysis involves the determination of the 
deformations and stresses of the skin, the stringer, and the 
rings. 
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SIMPLE  MBTkoi)"-JOS  0AlfoüLAlt)ifrfc fc&tf A*feilA&Äf'^frflftffc& ''•'; 

and s 
.^method' formal.culafcJL4g','the average ^s^'Hft^e?*;' framei£ *_ 
icin stresses''was "given in reference £*or'"y' ~~       v' ~ \"' 

In the case of a monocoqu-e fuselage the skin stresses 
are given hy the tw&'-eqttati'ons' *''•     - • ..•.''<>•' 

•<rjj • rp/2t' * (1) 
and 

cc • rp/t (2) 

where j 

o_     longitudinal   stress,     pounds  per   square .'inch     ;  . 

crc     circumferential   stress,   pounds, per  square   inch 

r        radius   of Jifuselage ,• finches .; .-,: 
;!»   -f.-V      . * ?. J    •     ? ...    ...   - •••• ••_...•_•_    - 

p . pressure difference between the inside and the outside 
of the fuselage, pounds per square inch 

t   skin thickness, inches ::o£i-ivi'-.   .-. *, — , •* • - . - i- 

It might he assumed tha,t ,.a,f :the. longitudinal stringers 
and the circumferential rings were added to the monocoque 
shell they would t^ke as much Bt^ess tas ^the. elfin.  This 
would mean that the äverage°l'öngitudinal and'circumferential 
stresses would "be given hy 

rL(av) ~ sA + 
r p 

2irrt 
Hi) 

and e,?': ^-' rpt (   . 

where - •" '   ./•.-•!•.•> •.•:.•'"•     ..-JCH* . *•*. ..-J. •. _..-..„ 

A  "£r<Sss^sect£6'hä'l^äWä'0äf'string'ef    !- Mi-;t; •-• ; •>  T--. >...;! 
, ;;  ••.'j'ijt<3 '.'f!'»".^;». . :- :..:',-..   , ;.i ; *. , »?j •».•••..-:.?. r. j :v.\ , »., 

s  '•f£um^s*''of :'stfi-ngef^r:'ä'xJö'utfd' the .cirtfunffe'feno*-"of "fdatättgrf" - ' 

I   frame spacing 

A*  frame area 
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By. considering. t.he>..f:ao.t': *^'a&"th:e'; a-kin has- -stresses in 
two directions, that is, by considering the effeet of Poisson's 
ratio, there is actually: found :a'/di;fference between the stress 
of the stringer and the longitudinal stress of the skin, or 
"between that of the frame and the circumferential stress of 
the skin'.  Two formulas-were suggested 4 5 .et he- art icle just 
mentioned (reference 4) for calculating the stresses of the 
stringer and of the frame. 

cstringer * CTL(av) " ^^(av) (5> 

°frame    B'°o(av) " *  ffL(av) <6> 

where 

fi Poisson's ratio 

A series of tests on pressurized'cabin structure were 
run in Lockheed Aircraft Corporation.  The resulte of the 
tests are represented as the plots in figures 2 and 3.  The 
measured stringer stress is checked almost exactly "by using 
equation (5), while the measured frame stress is lower than 
the. calculated value by using equation (6).  This shows that 
the skin deflects more oircumferentially than does the frame. 

The skin stresses can "be calculated, from equilibrium 
conditions, that is, by the equations 

2TTrt. ax  =   sA astringer  "  vr?* 

•    tl   Oz   »:A:'l: cframe          *   T1
* 

where 

ax  longitudinal skin sT-ress 

CTS  circumferential skin stress 

;•.' >: 

The discussion which" follows is based on the assumption 
that there is a certain amount of quilting between skin, 
stringer, and the frame.  Some generalized formulas for cal-? 
culating the deflections and stresses have been developed. 
These are all dependent o"n^-a-large'1 number of' vAt-labi'««1,- such 
as, skin thickness, stringer area, stringer stiffness, 
stringer späcingH'Tf'räm%"4rre'av' f-r%m'e*r*pa'cihg';-rand'-'diameter of 
fuselage. 
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MATHEMATICAL ANALYSIS OF PRESSURIZED CAB.-IN STRUCTURE 

'•• .'. Method .of Approach • <:. •;    •.-• •;•' • .'• . 

•.!;>:••.  -•: ..-.• -.•*.'•'::•   .-.     .;*-" '-;•('.::.••':.. -. 

-•The" analysis1 of the-present'problem Is "based on the 
strain-en'ergyi method, or in Other words, the principle that 
the potential energy of a loaded elastic structure is mini- 
mum when equilibrium is reachedi" In--applying this principle, 
the following procedure is followed. 

The first step is to make a deformation assumption, 
thai" i-s; • to write a formula giving the deflection of each 
part of the structure as a function of certain variables 
which are often called the deformation parameters. 

The second step is to write the expression of the po- 
tential energy of the structure as a function of the defor- 
mation': par-am1©* ere . * •••.'.••":.',": •-. * .,_. .«.-V .•:•. :. - 

:- The third- step-' is: to determine the change- in. potential 
en-e*gy due to.: a-« virtual displacement, that is', to dif£erenr:v. 
tiate( the. expression for potential energy of the structure.; ,.. 
with; r.espect-. to-each deformation parameter.     :-.-,. '-..,*. vf/-•.»:-, 

Ov' n '.• .-• *:>.>.:..••' .•-.-.. ~«, - _; .v:/::- r.i:' 
c.:-The .fourth step is to determine the work done-!by.;the: ..., 

external Ipad, during each virtual displacement.  - , " - >i/: f ; ? - •• 

The fifth step is to write the equations of virtual .„ V 
work by equating the internal and the external work deter-' *' 
mined from the previous steps and to solve for the deforma- 
t i on—p&r-aa e t e r s. . 

-•:•£': Th.B,Jlkst' step is to determine the stresses of each part' 
of>-the structure "based on the deformation already assumed. 

The type and number of deformation parameters are flex- 
ible depending upon the choice of the analyst. The solution 
becomes more accurate as the number and suitability of the 
parameters increase. However, the amount of computation in- 
creases rapidly as more parameters are added, and therefore 
it is desirable to place reliance on suitability rather than 
number.  Thus the method pays a premium for good judgment. 

Assumptions 
• r *• 

The'-present analysis applies to a monocoque structure 
having the following characteristics: 
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1. Circular "cross section without taper 

2. Very thin skin taking no bending loads 

3. Uniformly distributed stringers rapaced closely 
enough that the quilting of the . skin .„panels be- 
tween them is very small and can be neglected 

4. Squally spaced light rings between bulkheads, .the 
bulkheads being considered as rings of infinite 
rigidity 

5. Radius of fuselage very large in comparison with the 
size of the ring 

6. Same material for skin, stringers, and ringB 

Deformation Assumption - Three Deformation Parameters 

1. Expansion of ring.- Consider a certain section.-of a 
pressurized cabin structure between two main frames or bulk- 
heads.  Between these two end rigid rings there are (m^l) 
equally spaced light rings, each of which is attached to the 
skin and is supposed to expand radially with the skin due to 
the air pressure.  The radial expansion of the ring, Ar, is 
considered to be the first deformation parameter, and is 
represented by  un.  The subscript  n  indicates the order 

'* ,*•. -t* 

of ring from the end, ,„•.,.'- 

2» Longitudinal expansion of stringers Vr^Vk'i'n' b'etween 
two rings.» The increase of the distance,, fL \trk  between two 
rings due to pressure is considered to be.'-th.e-. second deforma- 
tion parameter, and is represented by  vn.  The subscript  n 
indicates the order .of the span, the nth span being that be- 
tween the (n-l)th an.d. the nth ring. :• i" - 

.3. Quilting of' stringer or skin between the rings". ° The 
simplest function for representing the deflection of thV 
stringer is a trigonometric function, that is, the sine ' 
function, the cosine function, or a combination of'thesie 
'functions.  In the praotical construction, the stringers are 
usually continuous through several spans, and are fixed to 
the rings rigidly either b'y riveting or welding.  It is, 
thus, a proper assumption that the.rings remain untwisted 

•Whenthe pressure is applied, and .that. the. slope.of the 
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defleotion curve of the stringer withrespect to the..refer- 
ence line is zero at the junction point to the ring. 

The deflection curve of the stringer can be represented 
by the following trigonometric -.function, which satisfies the 
above-mentioned end conditions, as its first derivative he- 
comes zero at the ends of the span. 

ya - un-i + 3 V.1  ~ cos T/ *a V "   ~) } 

Here  wn  is the third deformation parameter, indicat- 
ing the average quilting of the stringer "between the rings. 

The definitions of the deformation parameter can be 
illustrated more clearly by figure 4, 

Strain Energy of Bending of Stringers 
". 'J 

The general expression for the strain energy of bending 
is given by the equation' (reference 7) 

•s- i ••'>i^/(S)>:..;:...,.. ;3 
where  El  is the flexural rigidity of the stringer.  The 
second derivative of. y  with respect* to  x  from equation 
<7) is     • . '        • •  • . •-      •  •  • • —  - 

a       :                                                              •  a • - • — 
d y       un  ~ un-i  TT

3
            TTX              4TT               2TTX  = Cos     +  wn   cos         : 

dxs 2 Is I Is I 
' • •••>•.<• 

Substituting   in   equation   (8)   gives 

II  IT
4

    /     1    / x 
TF.7 ?• (R» - .»-TI> 

0 

COS .TTT 

_i_   n .       t                      \            TTX            2TTX   ,   , -        a      -   a   2TTX +   2  wn   (un  - VLn_l)   cos  -r- cos  ——- +  16  wn*   ~«-B    
I   1   ».-rPP  5 

cos ^r- + 16 w *   cos" «ir dx 
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It   can  be   shown   that 

C I;.-'. 

eoia fi22L dx  « i: 
I 3 

and 

*«      •( 

I 
i 

COS       COS       dX    a    0 
I I 

* ••>:•< •-.••°o   .-. -•     • ;• 

Hence',' the" expression' for strain energy "becomes 

HI 

or 

£J} <*n -*n-a>3 + 8 wn
8] 

T
4
EI ri  /     ^ * „ s 

(9) 

This equation applies to only one stringer at a particular 
/section. The total energy of bending of stringers between 
'the two rigid rings i's expressed as 

7   = 4TT S*fet <»> —>•• £», (10) 

where V *' 

s  number 'of stringers around circumference 
- - •'  -•••..'•••.. 

m number of spans between two r'ig'id rings 

Strain Energy, of Elongation of Strangers. _; i_ii „ •; 

The general expression for the strain energy of elonga- 
tion is given by the equation (reference 7) 

">•••' f, ST  .      , 

' *rÄE •'""a ?'^ '•' ' » . •; 
+ 
(11) 
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where ••'-' • • •- • " • "  "i; •' ; 

A cross-sectional area of the bar 

8  increase in length within a certain section of length  J 

The elongation of the stringer between two rings is 
equal to the difference "between the length of the deflection 
curve and the original length of the chord multiplied by a   '• 
factor representing the increase in distance between two 
rings.  As shown in figure 4 the elongation"-is 

I "     '•""". 

S = [ I  + I"  (ds - dx)l (l + ^-V l (12) 

The difference between the 'length of an element ds of 
the curve and the corresponding element dx of ..the chord is 
equal to 

Substituting in "^equ^tion (13) "gives" 

••• • --•• ••.••& f cay- WV a:y^Wy dI i
:
Tn 

From equation (7) 

and 

dy       un  - un-1  TT     .      TTX   .   wn2TT 2TTX 

dx 2 i t I I. 

.  " 2fT /  \ . TTX . 2TTX.   , +  —5- (un  - un-i)   wn • sin —-sin  —• •' 
* *l 
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It can "be shown that 

r-r>,   /    ein £2*  dx  * I 

. o 

•'   / *. 

and 
.- ;     -i . .•; 3 .. .   . . 

'• i i \ •: -     .     \tr.i.\      .    •'- 

I 

sin 2 .     nirx      .     mTrx   . n sin   sin    dx   =   0 

.' i : 

Hence, 

I 

o 
dT>- dx = ill—i—J + nr wn- 

and 

By comparing the magnitude of the two terns of the preceding 

equation it is obvious' that  ^2— or ( n " un-i\   ia of 

very small order of  vn,  and it is sufficiently accurate to 
assume ' ' 

6 = vn (13) 

Thus   the   expression   for   strain   energy  "becomes 

v = Al vn
8       .•-" .:.'•.:• .       • (14) 

21  n 

The total energy of elongation of stringers between the two 
rigid rings is expressed as 
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V = -r1 >  vn
s (15) 

Strain Energy of Expansion of Skin 
'***•/• * ' 

The general expression for the strain energy for a 
three-dimensional stress distribution is given "by the equa- 
tion (reference 8) 

CTx£x + <Vey + CTz«z 

+ Txy'Yxy + Tx^x2 
+ TyzVyB> dxdydz        (16) 

where  c, e, T,  and  7  are the normal and shearing Stress"' 
and normal and shearing strain, 

..In. the present case, the problem of expansion of skin 
can be'reduced to a two-dimensional one, by assuming' that 
the  x- and z-directions coincide, respectively, with the 
transverse and tangential directions along the skin, and 
that the thickness  t  of.skin is so small that the varia- , 
tion of it can "be' neglected.  Having the assumption that th.6 
skin is expanding uniformly" and symmetrically along the cir- 
cumference, it can "be concluded also that the membrane shear- 
ing stresses  Txz  vanish. .Ehe expression for the strain 
energy is thus reduced to the following simplified form 

•iff 
I     _STXT 

(ax€x + ozez) dxdz (17) 

where  r  is the radius of the fuselage. 

' In the case of plane stress distribution the relation 
"between stress and strain is given by the equations (refer- 
ence 8 ): 
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(18) 

z _ 2 v"z ~ *" ~x^ I (ot - M- oT) 
;j • 

where . u. is. Poisson1 s ratio.  Solving for  o„  and  cr 
gives ' 

az « 

(19) 

1 - n8 

Substituting in equation (17) gives 

ts V - , ,     ,; /  /    <€»» + 2|* €T€V * e,
8)-dxd« (20) 

0  0 2 <1 - ^)./ ./    X x    "  x*y 

The strain  ex. can "be assumed-coh'stant' throughout the span 
through the same argument as in the previous section. Thus 

• •' 'e_ •- IS. (21) 
x   1 

•The strain  e2  can he "expressed in terms of the other two 
deformation parameters. 

• 3- — u„ i + -0 ä"~i- { 1 - 008 —) + w_ ( 1 - cos  ) 
r L n~1      2    V       1/   n \ •••     1 / J 

(22) 

Substituting equations (21) and (22) in (20), and integrating 
"by noticing the fact that 
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I 

       I   

and 

leads   to 

I 

C08        COS        dX    =    0 

a  nrrx- 
I 

v s • - • 

' 1^ [f '^ —- (^^-> Kl ^ + I — 

"8    •   '•'     -3 
+ 3n,+ :r ^.  +  * wn    +  ^n  wn + * »-I   Wnyr.J (23) 

The   total   energy   of  expansiQn . of   skin "between   the   two  rigid 
rings   is   expressed  as i.-.. 

7 s JIM. [r   f      B + 3li   V        AÜaraJLia + O 
l . - r.    -r •  ••    *  .•:•-: •'-•:•••       .-.:».•-•• .    i- 

I     V   fz a        1 

+   Q- Un3   +   3 wns  +  un wn +  un.v wnJ , (24) 

Cl ill 



16 NAOA TIT Ho. 993 

Strain Energy of Expansion of Sings 

From the general expression for the strain energy of 
elongation (equation (ll)) it can "be shown that for the ex- 
pansion of ring 

A'B (2TT   (r +  un)   -   2-nrr)' 
2  *   2-rrr 

where     A'     is  the  cross-sectional   area  of  the  ring  or 

(25) 

The   total   energy   of  expansion   of  rings  between  two   rigid 
rings   is   expressed  as 

m 
3 

I 

TTA'E    V 
— L Ul (26) 

i   •• C. 

Strain Energy of Bending of Ring 

.,.. \The general expression for the strain energy -of,,.bending 
is' given in terms of the bending moment by the equation (ref- 
erence 7) 

7 = Madz: 
2EI * W)-,'». 

The bending moment for beams having circular central 
axes is expressed by the equation (reference 9) 

JL =  - JL (y + ±V \   r 
El r3  V. d4>j,V 

where 
.t 

r   radius of curvature 

y   radial expansion of ring 

$3,  angle representing position of section 

(28) 
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For a uniformly-Säpänded ring, the deflection.~y• is constant 
all around the circumference', that is, its second derivative 
with respect: tö'1^, 'vanishes.  Thus 

El 
. - '•/ .'ra » 

{ ' Ely. 

ir^ 

,2TTr 

dz 

TTEI" 
y- (29) 

In practical cases, the depth of the ring is usually very 
small, while the radius  r  of the fuselage is very large. 
It can he shown in the actual example under the section 
Analytical Solutions Applied to Actual Test Sections that 

the value of — is very small in comparison with the value 
' •:::;       r3 

of  A/r.  It is thus allowable to neglect the strain energy 
of "bending of ring in the present discussion» 

Expression for Total Strain Energy 

The total strain energy between the two rigid frames is 
expressed in terms of the deformation parameters as follows: 

V m 4TT%EI 

O 11 

1 1 

m 
* X (j U*-i3+IUa-i un+|unS + | V + *n wn+*n-i wn) ] 

m 
TTA'B 

(30) 
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Introduction of Nondimensional Parameters 
••       * f. ; 

w   .    < 1 

In order to simpli'fy the form of the general, .equati qxii, • 
the following nondimensional parameters are' introducedJ 

(31) 

(33) 

(33) 

(34) 

(35) 

(36) 

.i  1 -j i 

. t 

a = 1  , 

1-JA3 

ß 9E 
AJ_ 
tV 

P a 
r 

e ir 
r 

.1 

4> « 4TT   si 
l* 

* '« sA 

.3/n r.t 

Substituting in e'quat'ion' (30) gives 

V  a  TrrB 

-mm 

* pai9 Ü v»3 + 2ti X v*(""r-^+ Wa)   "-   '•• 
i 

m 

i I (f v>: • ?->7v,>+ 1" s+3  w   a n    _ . 3   ,n.. 

Change in Strain Energy Due to Small Deformation"1 

The effects of the small changes of the deformation on 
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the change in the strain energy are determined by differenti- 
ating equation (37) separately with respect to the deforma- 

tion parameters.  Since the derivatives of  j     (un - 
un-i^S 

with respect to  un  vanish, it follows that 

oV 
du„ 

du„   =   2TTrE 
f\x   , .       1   f\ 3 1 *\ 

pa. jj <vn + vn+1) + — ^ un^ + - un + - un+i; 

"7*7 

ÖV 
- dvn = 2TTrE  p 8\hrn + pa 1 9 vn+ M- H""1  *"  +   wnJ j 

(38) 

dvn    (39) 

dw 

• .    • •    • J-  .'•-• ' -- - i '! 

L  dwn * SrrrE [| v& + pa {^vn + i- (^S=L + | "*)} ] *"n      ^° 

Work Bone "by External Load 

The work done duo to th.o internal pressure applie-* to 
the end of the cylindrical struoiurt nay "be eKpre3sed approx- 
imately l»y 

U « irr3 p 

m 

I (41) 

where  p  is the pressure difference between the inside and 
the outs ids of the cabin« 

The vork Acne dae to the internal pressure applied radi- 
ally is expressed'äs  '  ' 
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i.ii   .,-. •    .-.'.•"•• i •.•    • • 

U   =   2-rrr  p     >      /.   yn^dx        ••...•      ••    ' 

-; •* .<••• ", x Jo      .    • • 

+ wn Tl  -   cos £H2.J      dx 

•3TTrp l II. u*:+]iV^ + J. >]• (42) 

The work done "by the external load during the additional 
variation may be expressed similarly by differentiati'b'h. 

it 

  d un = 2TTT p I  d un (43) 
°*n 

(Except for  u0  and  um, which are taken to be zero in this 
caae) 

  d vn = Trr3 p d vn (44) 
övn 

  d wn = 2nr p I  d wn (45) 
öwn 

General aquations .for Determining 

the Deformation Parameters 

Equating the change in strain energy to the work done 
by the external load during each additional variation re- 
sults in 
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(• -    -" —  -^«"      ":  ~       "     • •• t • £,*.«...£. *.v n      v?    &vtt 

pa ft ( 
it u» + Wt fc(i*»Ä«tf>+J|^V,>Aiuif>tt+1 

A  P3 .1 + "g- un » P - 

8  ^ + (a+ f) «a+ J u^ &L (v* + T,^^^ >.*£     a?) 

*<*»->•*.)+   39.(1^^^^    WnsH, 
(48)       r^-"-'' pa 

••        Vpa  •"•.3/    fl       pa  " ' V     ' 

ffrom  equations   (48)   and   (49-)-   'V*  ,'   ,r   :V-   - 
terms   of    »     a     and       *       „''     T*   -Snd    **     ^ *«   SoTvel  in «•n-i     ana     un.     Hence 

••:<>.-   s.'o-.-ir-v   v"": - •»'»3*   .~--'J    •" 
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(±  + 2. - 2^ J2S. - p. (±  + £\ (Ba-1 + Un) 
Vpa  2    7P°    \Pa  2-/ 

vn =       (50) 

*[(-!) (£*f)-»'] 
and 

w, (51) 

For solving un,  the simultaneous difference equations are 
written in the following form (reference 10) 

[*• (!• S)S+ *VK + f  (I+jS) ^^»n - Ur pa 

|x (1 + E) un + 2 9 fl! + A I TB + 3 M »B • - 
V^a   J pa 

HJun + e,ITn+(A+|)iwn.Ei <M, 

where  3D  ie an operator defined by the relation 

Bn f (x) = f (JC + n) 

The solution of these equations is 

un = Aj, \n + A2 Aa
n + Ü (53) 

where  Aa  and  As  are the arbitrary constants determined 
from the boundary conditions,  Aj  and  A3  are roots of the 
equation 
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8   \.a   4/     8 - 

H (l + M 

s 

2        -.3 

(54) 

and u  is the particular solution of the difference equa- 
tion determined by substituting ¥ = 1  in the preceding 
simultaneous equation (equation (52)). 

Equation (54) can be reduced to the following simpli- 
fied form ._•. . .••„ '_ :..... e -. 

V +'"K X•+ 1 '• 0. 
+ ' - .. j 

(55) 

where 

t -.; 

In general  K,  the coefficient of the  X-term, is positiy.e 
and usually lies between 20 and 50.  The solution of"t'his' 
quadratic equation will be approximately 

Aa s - K= :    (56) 

'   •  i   ;^  • 1 f-t - •• Afl- fl + i) --fr» 1 - i H» 
2 \pa   2/L2 V   a/     J  .4 

and 

*>"h 2  \pa       2~)  |_2 V   <V ~ ^ J " 4 !* 
W ' ' •••••«       llll|-^^^M,lWlPPi        • »»••H^l» t        I      II        Mil        !•••• •*••••!•     I I ' !»«•     — •••        I 1 a+f)K-!)(ff>^]-(-!)-ae+t) 

(5?) 
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The particular solution of un  is . determined ^by solv- 
ing the following simultaneous equations 

• ' f - + 1 ] ü + 8 M + w * ~ 
\a   J pa 

8I1Ü+   3  6   (^ +ljv+3nw=— ..(58) 
\a / pa ----- 

(1L  , g\ -  ^r 
V^pa   3/   ~ par-,' a.' -•.•.: ^ • 

hence 

M< ü + 8 M» v + 
"      ~~  ' är'S   si      ;j 

t ;*.. ?i.'iil'.L ..-•:• r ' 

The boundary conditions in the present case are that 
forj. „.iij.s 0.. and  IJ = m.  The radial deflections' of the ring 
ar-e. zero. " Th'us^ f roin. equation (53) for u0 =• 0, 

•• "     • A/- ++ As + ü = 0     i 
or "   • 

Aa + As = - ü (a) 
'j toy   •: ..,<,.,- •'   • * •  - • •     t  .,1,   ;;  -.>., . ... 

for- -Ufc'^ P..;jf ,.,-,..    .  f • r .  ! ;  £;>    . 

Al ^1° + A3 ^s" + U = 0 

Äi.\Tn + As' X3
m » - ü (b) 

Solving f or * Aj : 'and- ' As • from equations' (ä) and (b) gives 

x m _. 

.1             *                ""     , 

"     1     •*• 

....._..,.... 
"    'A8 
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Substituting in equation (53),;gives 

X  m  u       .* n ü 

** = " IT77 ^' " IT*? + * 
Rearranging and substituting  Na  "by  ^a"*1  gives 

u*s* C1 "     i • * »    ) (60> 

The other two deformation parameters  vn  and  wn  can 

be determined in turn by substituting the values of  un  and 
Ujj.j  in equations (50) and (51) 

Stresses and Moments i.n. the; Structure.   '''".,.      ,. 

The stresses of the rings, the stringers, and the skin 
can all be determined by .!kjff£wjlng _the -deformations , or in 
other words, the strains of: the structure.  Tor example, the 
stress in the ring can be written as 

;. .'      • *        •-  ? • :   - •  - •  v.-s »  •: . •  .... ••, . 

aframe *   e frame. . •' - 

°r *n 
aframe .T B — 

Similarly^   the   stress   of. the   stringer  is  -equal   to 

•    * .1 ::r?-pt^tinjg.e.r::s, -T  .-;€-string er 

(61) 

V ja 
I (63) 

The longitudinal. 'str^es^s of .^he skin may be written as 

•  - £ ' : 
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1 - H 
3 

VT1 y 
+ M> — 

1 r i 
1 - JJ.3 

(63) 

where  y  is determined from equation (?).  The circumferen- 
tial stress of the skin may "be written as 

2    1 - H>a 

- + t+ -~ 
» r~ a (64) 

1 - |A3 

The bending moment of a team can "be written in terms of 
the deflection. The differential equation of the deflection 
curve is 

. 3 
M - - B I 2_£ (65) 

ax3 

The   second  derivative   of    y     with  respect   to     x     is 

dsy       u_   - u__,   IT
3 TTX 4ua 2TTX -__ = _a—,    v, ,* __ 008 ._-.+ „    __«-. cos -—— 

dxa 2 la I n    la t 

Substituting   in   equation   (65)   gives 

M  a   -  B   I Cun  -^n-i   rrf. 008  TTX +   -     isi COB  SE*^ (66) 

It can be seen that the bending moment is maximum at the end 
of the stringer where the ring joins»  At the end of the 
rigid ring, 

un-i * u0 = 0 

»•-»-« 0 • *\\\MK  ) 
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['(-^JM^C1^)]-   •••< 
wn m 

and 

s 
t  I '= -i ÜJLi Ui +'8wa) .  T:    -' "  (67) 
' 2la 

Particular Problems 

I. Pressurized Cahin with Infinitely. Many Equal Spans. 

It iJS'y-oJy'lotLs-" that, the deformations of1 each panel of 
the pressurised esfbi'n structure with infinitely many equal 
spans are identical.  In the general equations, 

.... ;>   -e:-!s.i ^nV-i ^-Aai* un+i * ^" f '"." ';*?.M'''--/"'i«i:. 

V n a vn+i " v 

i 
. .    ,    •     .     • ' .i-J' 

and e  <•---• quäfe±on«~<37i)'i'x (sS-Jv^and (39) heoomp >. .. 

/-.:•«: ij U-* .frA|A..U.,*..«W'.-J +£*.*&* •»- 

2 p T%"+ 2 e (^ +,. l.Y'v. +f 3 *JA -w •- —     (68) 
---• •" w \ct   y ~   r      pa 

u + 6 » v + ($-  + i)w = 22. 

These are the same equations as the simultaneous equations 
for solving the particular solution in the previous section' 
(equation (48)),  The solutions are 
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•.»[fr + S-HD'fe] •;      (9) 
u3/ 

V    = 
6pg 1 \2 *   pa) j.3  V  *   a) "  'j '* **  \     "  a/       3j      (i?o> 

<^>(I*£)[K)(-;)-^-K) 

'   po a \ .       a   •    2     /       .. . •; j : "J •    * :   . 

It oan be seen that equations (50) and-.(51) reduce to equa- 
tions (?0) and (71), respectively, "by substituting  un-1 

un = u. 

II. Single Span Pressurized Cylinder with End Frames of 
Infinite Rigidity. 

This kind of structure will have only transyerqe and 
radial expansion of akin, but no deformation of the rings. 
For this case the deformation parameter  u  in equation (58) 
is zero, and hence the first equation in (58) vanishes,  The 
problem is thus reduced to the solution of the following 
equation 

Va   / pa 
(72) 

6 a- v + (±  + f\ w - H2L 
\pa       2y pa 

The saltu*ions are 
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pa \pa       3 .< 
(?3) 

i 1:: •, -   • 

w   .    _—j •'    •'•    .' •—• •"=-•-,-^- (74) 

...>,...   I$,I.:;-jSipgl^e   Span-Pressurised: Cylinder  with  Fixed   Snd 
Supports,     .,..,i   •*.,    •,.-.• 

This   kind   of  structure  will  have   only   radial   expansion 
of, .«kin,, "between   the-, end• supports,      la this' case   only  the  de- 
formation parameter,    w     appe,ars.     The  solution   of this  prob- 
lem  is   thus  based'"on  the' eouation .'•.:• 

(±+  £\w  =  Si ' (75) 
• •" \pa       2/ *po'  '    '• 

and   is    «•.•;-.,.••    • vJ-r'1-;    :•.';.*'       :-'-^'.     •.?:••.••.     •  '• -    :     •-. 

,•, »i:4i-  ***.. 7*]frJ£L--.3*y-*v\[ ;';:..'.;V'( '   ;  (76) 
pa       2 2 ._ 

t k-~ 
t    .    •     • •    "- r * { .1."   •:»».'.     ,*• n i • ^' • -r ". i"' :     ' «v ft     . r. 

1" ,7-' » .1    V1 • : ' " •-;    •' '•    .      * "*' 

IQgip|i5B.S,;AIEftHAPS*iOOSPORA3JION-!   '••-''-'      - 
-..    -     ,•:   •••  ..'•.-./>!::•   in    k"' ' .':'•   V"-''1   -    ' 

./„ : jLoekhe^ed A-irarsjfV Qorpf»ratdoii^made '&• -complete InTeati- ' 
gäti.öa. of a pre>Vsiuir.lüe.4.-tä;e-t .-aectitan 'of--the1-Mö'd'el 49 ftrse- • 
las,0-».     Ille   ^M.l»owing  prrrob/l-ems: iwe**«"studied >%& thi*1 test! 

;-,0j       -    .'-"',.•.•..--•'   : +hl   "o    f«" '-     ^':•:-'•   :';     -' •>   ^ - .'>;; r-'    -'"'"    ". . 
0w£  " ,     .;«•:    •    « ••* •    -•.»•    ;--    «••'•' '-   ^»1*»   '•:   3?••"•/ •*•*    f •       ~     "•  ' 
rf,i    e.\i    i'-     .i-i*. : 8       tii-.i- .?••' .       ,-'••*    -'^ •'-•'- ••    rs'-• •    "' - 
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1. Leakage rate 

2. Deflection due to internal pressure 

3. Stresses due to internal pressure 

4. Bending test 

5. Torsion test 

6. Ploor-support test 

7. General instability 

8. Frame test 

Since, in the present problem, only the effects of pres- 
sure are of interest, a summary of the test of the primary 
struoture is given. 

Description of test setup.». The general arrangement as 
well as the dimensions of the test apparatus are shewn in 
figures 5a and 5b.  The essential elements of this equipment 
consist of the following: 

1. A full-scale section of the fuselage 

2. A large reinforced concrete block which serves as a 
fixed end to support the test section 

3. A rigid steel framework or loading head which was 
attached to the free end of the test section 

The test section was circular in cross section and was 
tapered with a ratio of approximately lJlO in the longitudi- 
nal direction.  The primary structure was composed of a 
24S-T alclad framework of channel-section ringB and bent-up, 
J-section stringers to which a skin of 24S-T alclad sheet was 
attaohed.  The stringers were uniformly spaced at 6° inter- 
vals around the periphery of the cylinder, except at the 
bottom, in which case 2.5° spaoing was employed.  The 
stringers were of five different sections, only one of which, 
the 1S-160, made of 0.032-inch 24S-T alclad sheet, was used 
mostly.  This section is given in detail in figure 5b.  The 
rings were spaced at an interval of 18.4 inches* A typical 
section of the ring is also shown in the same figure.  Two 
thicknesses of skin were used, 0,032-inch sheet on the top 
and the bottom, and 0.040-inch sheet on the two sides. 
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!T---. :£-g?iie  pressurlTe-tlonJ-of .tii;»'4;*-8t' s«fa>Vi on. ;was\- accompli shed 
r'wi.th^th-.e 'compares-'» ed  airs whi.cn  was..led  into   the  pylinder:'   :' 'J, 
through.'ä;.safety •'.T«1V«: located-with-i-it: the''con-criete^ suppsrt- 

. inijc structures ,•-. The1; air. was  su.ppld.ed. constantly.' for:, balanc- 
ing  the   leakage   of  air  through   the   skin, 

«'it: !ii' '.'<•:     • •' ' X'o;"     •    •  '    .'.•..•.•-..;-    •;-••"    ••T"i-:* *»!     . .- 
•'- s ; ? Sh-e £aldwi*i?-S,<Duthwark-'type   electrical*strain  gagesfveff 
used  for-, measuring,-the   stresses;    • They  w-sre > mount ed. jipon' the 

. surfaces: of  the; menfi-ers ,   in-which.the .stresses  we're' t.o he..; 
ima-asur.ed,   by  cementing', them  t-o-.these- surf aces.,        J--C"'

-
      :-i'-' 

- •   •        '. •     " •     ' •• ,;     ,*'•:;•    *»•••.•-.'• ttL.'i-'L-i  .   . - - •-   -"--• -:'.*--' '-' '*     . - '    *»-'••* 
Pressure  deflections.- The, *kirfc-def.l-ect.i£&s~vere.- eom^- •, 

posed  of  two parts,   first,   the  deflection   of  the  center   of 
«ftHe'? panel- relative -to••• t&e<.- strlagfcr*,' and secondly,   the-, d'-e- 
flection: o-f- the.- stringer . relatAjr«. .to- the -f*ame/i   ' These "de*-, 
flections   w.ere-r all;, measured 'by   the. dial*. gagej3  as; shpwn. in ,   ^ 
the- diagrammatic   sketcKe&rin  figures, 6.- and- 7 ..; :The,t .sträng^., 
and unexpected  result: in  these   figures, is   that   skin  "between-, 
the   stringers; had- an   inward  defleotion.      An- explanation, for; 
this  may be„tbai. these, panels-had. a-slight  curvature, in  the 
longitudinal- direction,     The-deflection   of, the   stringer  "be- 
tween., the   frame   is  -outward*   and  is  practicably  directly  :...    , 
proportional • to   the   internal   pressure-.        ;.      .-, :  .     : ..r ;..,... -.'jt- 

Pressure   stresses.-  The  results   of  the  pressure   stress 
measurement.have  Veen  discussed-previously- and  are  repre- 
sented, in the plots, in. figures; 2..and. g. * . 

•-s.t   -..••:'••• "a   i:  •   .y^v--    .v*'•'•-'-        • ••'    •**'*  c-'-'-t '    -i- '••••'•   ': '    !':•*-    ' 
;t-- •:•• •:?-.? **?Sfff,.p£  P^ISfURlZE^ QABlfc .£TR1?Ö:pUIjt£. AT ; >.. .: 

.':';,      \rCpVs.diVi)AT.BpL«Vlli.TBl  AlROfiA^T' bbaPC^TLÖN I'j; -j   ].'*'. 
••        ••'.•'     ••.:-:. 1.-; .- t. : '   ,    - "• -.-..        . -I v**:  ''."- - .' .-> 0 -'3 

- .  .....     '*:•:• - •-     ••-, :'.."-     ,'-"- o-.<  .  . ? aaii 9-"- 
. . Qonsolidated-Vultee Aircraft -Corporation made a.-serief,- 

of tests to measure the stresseswin and £he .def lections,; of.; ; 
the structure members of a one-haif scale "nose-wheel seo- 
tion" of the XB-32 fuselage under maximum operating air 
pressure*.  Tire .tests; Q.qyered.:two. k.in;d&; ipf japveo.inens :  the 
"floored specimen," which was a cylindrical structure with 
flooring and floor "bracing inside, and the "control specimen,' 
which ,waj8_.§.,t perfectly; -aymmetriQal .cylinder to.- be -used t as 
control in preliminary testing.  Only the. tests of the con- 
trol specimen are described here, as this specimen is similar 
to the strupture which is,..4i^c.u9»,ed. in .^his ,;P§]?§K. - • 

Test 8etup.- As shown in figure 8, the test Beotion was 
made with 0.016-inch skin riveted to 0.020-inch angle 
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stringers-with: 0. 032*lnchJ.ch&nai.el 1r.eltfram.e-8:. -The stringers, 
52 in number;; were-diätjrihuted uniformly around the periphery 
of "the1, cylinder. •:*:: The •" b;el.t- frames,,---5.: in number-, • including- • 
the 2. end-, bulkheads ,~-W!©re spaced at an« interval" of" 1.0. inches. 

The test specimen was mounted in a boxlike structure 
steel' Jig- with'f the cent er line" of- the specimen in a vertical 

•position.  The top* bulkhead of • the- fe-peclment- was. held. In a^.; 
fixed '-lateTal position by; means of ball —bearing- guide. roi'ljCTs. 
The effect was, that-a« the' specimen expanded under pre-BBur«? 
the top bulkhead could breathe vertically but it was re- 
strained fro»;- lateral- motion.       .  "•'''„••.       ; 

•••S.tresse^..;~- The et/re^tes of the control specimen at 6..65 
pai measured by the '•Celstr-aih" • gage equipment are shown, in. 
figure 9. 'The average values of indicated' stresses in-the. - 
memberV'at 6.55 psi compared•with the stresses " obtained-by.." 
simple calculations•(equations (3), (4),'(5), and (6.))'follow. 
In the stringer - 1300 psi-versus 1355 calculated; in- the 
belt 'frame« - "4400 psi versus 6660 calculated; longitudinal 
s&i'n '-- 477'0' psi"• versus- D&SO calculated-; and eircumf V/-en-t'ial- 
skin stress' - li^-2"00 pB'l • versus*'. 8560 calculated.  Tr^e' ex- 
perimental value of circumferential stress was a maximum:' - '• 
value instead of an average value» 

- - 'Pefleie-t.ions. - .Starre-tt deflection gages reading in 
1/1000 inch were used*'W measure''the? d'e-f lection of themem- 
bers of the specimens under pressure.  The belt frames did 
not deflect evenly along the periphery, but the average de- 
flection of the' cen'te;r Veit frame' 'oi1 the control- specimen 
was 0.018 inch at 6.55 psi.  The radial deflections of skin 
and 8tringertfvwith resp'e-ct to end 'burkheadtr-at 6.55 psi were 
shown in figure 10.  The quilting of the skin and stringers 
was from 0,006 to 0.020 inch greater than the belt-frame de- 
flection. •'•In'no ca's'e'wäe a flattening-* bf the" skin between 
stringers'h'Oticed 'in this area1.''"7';'   '' •"•••;•:•-•   < :    -:n-j   'u 

-• •   •   ;'•»•- -     •'-•.-.*;-.      •••'.)••••:.    ...       «v ••.••••:'<      *,il$ 

'It 
ANAÜYTrOA^L SOLUTIONS' APPL-TEXl TO AGTUAL TEST SECTIONS' 

'• I.' Tests of" Pressurized Gabln Structure" at Lockheed' • • 
Aircraft Corporation.' '   "'  •'••'•'• ; -' "•*»*;•• 

For simplicity in analysis', the following assumptions0 

are made! 

v f  ;•.• r. /< - ••• -;• ..: .* »• .-.- •• .  . :-..     •••.-.   "•;,•-, 
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1. Same type of stringers (LS-160-0.032) 

2. Same type of rings 

3. Same skin thickness (0.032 in.) around periphery 

4. Same stringer spacing (5°) 

5. Uniform fuselage cross section 

The pressure difference is assumed to he 5 psi throughout 
the entire.computations.  The important dimensions and fig- 
ures are shown in the following list: 

p  «5 psi 

E     =   10,300,000  psi 

M.     =   0.3 

I     =   18.4  in. 

t     =   0.032   in. .    _ 

r     =   65   in. 

s     »   72 

m    s  10 

A.     =   0.0617   sq.  in. 

I     »   0.0096   in.4 

A«   »   0.238   so.   in. 

I'   -   0.317   in.4 

The   following  nondimensional  parameters  are  derived: 

V   •   p/B  •   5/10,300,000  =   0.485   X   10"6 

*   =   4TT
3

   sl/l4   =   4TT
3

   x   72  x   (0..0096)/(l8.4)4 

=   0.748   X   10"3 

p   =   t/r   =   0.032/65   -   0.493   x   10~3 
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ß  =   A'/tl   »   O.2'08/< 0.032)    (18.4)   =   0.405. 

6   •   r/t  m   65/18.4  •   3.53 

a «   l/l^- »   1/0.91   -1.1 

\|/   »   sA/2TTrt   -   (72)    (0. 0617 )/2TT(65 )   (0.03^),.»   0.34 

For further computation the following values are also 
oaloulated s 

0/poi 

0/pa 

<P/pa 

4>/pa 

\|//a 

f * .-3 =   0.748-,-X   10""3/0.493   x   10"3   x   1.1,?". 1.38 

+   3/2   =   2.88 

K 

-   1/2   =   0.88 

+   1/2   •   1.88 .-••.-••'•.'. 

= 0.34/1.1   =   0.309 " ' '" 

1+ */«  s 1.309 " 

ß/a • 0.405/1.1   =   0.368 " '       '      " 

ß/a + 3/4 •   1,118 

ß/a- 1/4 *   0.118 

1 - ß/a  " 0.632 

ß/a+ 1   = 1.368 

1*3   =   (0.3)3 =   0.09 

££ =   (0.485   X   10-S)    (65)/(0.493   X   10~3)   (l.lj   «0.0581 
pa i . 

The'value of  Z  in equation (55)^is 

(2.88) [(2) (1.3.09) (1.118) - 0.09] - 1.309- (2) (0.09) (0.118) 
(0.5) (0.88)*C(0.5) (1.309) - 0.09] - (0.25) (0:09) :' 

" 30.4 
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The  value   of    X3   : in- equation • ,(.80.)..is. approximately 
equal   to   -l/E     or 

X2   =   -   1/S0.4  =   -   0.0329'- *   " 

It   can  "be   seen  from  equation   (60)   that   the   expansions   of   the 
frames  are  nearly   identical ;• and-that  this-problem  can  "be 
reduced  to   that   of  pressiirized  cahin witÜ   infinitely  many 
spans.      By  using  equations   (69),    (7.0),   and   (71),   it   is   found 
that ;: •        ' v .-, 

 (0.0581)    (1.309   -   0.15)    (l.88>  

(0. 09 ) (0.632)+  (2. 88)[ (1.368) C1.30&)- 0,09'3   -   1.309 

0.1265 "•••    ' 
3.648 

• 0.0347   in.' .../w. -"'   - 

(0.0581)   |(2.88) fkiMl -   0.3J  +'(3)    (0.632)   -   0.5 

V   =*    •• rt ~  

(3.53)    (3.648) 

• 0.00361   in. : " 

(0.0581)    (0.368)   (1.309   -   0.15) 
w  -    

(3.648) 

0.00683   in. 

A  comparison  "between  the   strain   energy   of   expansion   and 
of  "bending   of   ring   is   shown. 

•v\>33nergy   of ^expanfiiAn' '(equation*. (35)) 

V    ss        U 
r 

^(0gf8)   E      (0.0847)' 

=   1.38   X   IC5 
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Energy   of  "bending   (.equation   (29)) •' 

„       TTB   I' 
V  =   u 

,3 r' 

TT *• B   X. .0.317 

'68: 
X   (0.0347) 

• =   1.26   X   10~7   2) 

It is obvious that the energy, of bending of ring can be neg- 
1 ec t ed .-•'•. i 

The strains and stresses of the structure are derived 
from the values of deformation parameter. 

Longitudinal Strain of Skin (Strain of Stringer)       ; •. 

ex  • v/1 o 0.00361/18.4 * 0.000196 

Circumferential Strain of Skin (Av.) 

£y . 2JLJL.  otoji6 B  0<000639 
\ r 65 ,...., 

,,       i. • .< 

Strain   of  Frame 

€,,„_.   »   E =   0JE12L „   o'. 000534 frame       r t& 

Longitudinal   Stress   of   Skin ,    . 

ex  +   »   eZ   _ a_  =    H 
1   -  H3 

0.000196  +   (0.3)    (0.000639) 

0.91 

*   439 0  ps'i- 

X   10,300,000 
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Circumferential   Stress   of  Sfrin. 

<*Z    = 
•  "«.•.+  M> e- 

1     -     Ji3 ./!'.'!?. 

•    •••:••   V    0/000639  +   (0;,3)-  mOOOi^) ;*fo%0Pt000 
0.91 '        '•';' 

= 7900 psi :.   • ,.-. „ 

Stringer Stress ' ' ' ' '• • 

astringer = €x E 

= 0.000196 x'lO,300,000 

a 2020 psi 

Frame Stress 

aframe = eframe 3 

,= 0.000534 X 10,300,000 

= 5500 psi 

The following is the comparison "between the experimental 
results and the calculate'd'values.  • 

Experimental Results 

aframe ."""•' iiSö" '"' :i--~-:«  >-'• • - iT 

°2 
•A . r- = .9^690 
-^eoo- - \ -«!.3 * .v\-..' - 

^stringer" ' ^00   . „"  ^' *  '*    *.-  B 0.374 
ax     ;3750.- 

Calculated Results '" ;: •',;-^:"-•• •' *i\*   *  <r> 

'frame .' **&'^#* ' ' ' ' ' ' * 
<*z   • #9 00 ~t'V-.. 

a string r
=-gfg£j O/^-Q-.: 

ax      4390 
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These results are within a reasonable check. 

II. Tests of Oontrol Specimen at Consolidated-Vultee 
Aircraft Corporation. 

A list of the important dimensions and figures for the 
control specimen^at Consolidated-V^-l*68 Aircraft Corporation 
is given. 

p a 6.55 psi 

13 = 10,300,000 psi 

H • 0.3 ' •.;.-" 

I « 10 in; " 

t - 0.016 in. 

r » 38.5 in. 

s * 53 

m = 4 

A =   0.025   sq.  in.      (see  appendix) 

I =   0.00102   in.4 

A> =   0.0744   sq   in. 

I' =   0.0176   in.4  ' 

The   following  nondimensional  parameters   are  derived: 

V =  p/S  =   6.55/10.3   x   106   •   0.635   X   10 

<J> •   4TTa   sl/l4   •   4TT
S

   52      (0. 00102)/104 

a-0; 659   x   10~3 

p -   t/r   »   0.016/28.5   •   0.562   X   10~3 

ß •  i'/tt«   0.0744/0.016   X   10  -   0.466 

6 =  r/l  *   28.5/10  •  2..85 :'.   ••- 

a -   1/1-1*3   »   1/0.91   »   1.1 

^6 

•J:I 
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ty   =   sA/2iTrt •-   (53>   (0. 025 )/2TT(28. 5 )   (0.016) 

••     "     For   further 'computation   the   following  values  are   also 
calculated. 

*/pa  =   0.659   x   lO~S/(0.562  X   10~3)    (l.l) 

=   1.0? 

cj>/pa +   3/2;=>£.57. . \   .    ^ . 

<|>/pa  -   1/2 *"=   0.57    ' 

<J>/pa +   1/2   =   1.57 

^/a  =   0.536/1.1   -   0.488 

1   +  ty/a  =   1.488 

ß/a =   0.465/1.1   =   0.423 

ß/a +   3/4  =   1,173 

ß/a -   1/4  =   0.173 

1   -   ß/a  =   0.577 
. "    -   Li 

ß/a +   1   o   1.423 
i 

|J.S   =   (0.3)a   •   0.09 

'^E. =   0.635   X   10'6   X   28.5/0.562   X   10"3   X   1.1 
pa > • 

»   0.0293 

. '. .The   value   of     K     in   echiatl <?n*-(55)   is 

K  =   (3»57)[(2)(-i:488) (1.173)   -   0i09]-..-   1.488   -   (2) (0. 09 ) (0.173 ) 

(0.5)(0.57)   [(0.5)    (1,488)   -   0.09]   (0.25)   (0.09) 

The   value   of     ")$.$   .v^n'equation.'. (§0)   is   approximately- 
equal   to     -l/K     or 

X3   =   -  1/44  =   -0.0227 
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The value of  u* is from equation (59) 

- (0.0293) (1.488 - 0.15) (l.57)     . 
(0.09)(0.577) + (3.57) [(l.423)(l.488) - 0.09] - 1.488 

• 0.0163 in. 

The   expansion   of  the  center  belt   frame   is 

/n   ^      .   / X'S)   (-0.0327)aN 
=    (0.Ö163)   (1.   - 7~) 

V      * 1- +•  (0.0227)4    / 

- 0.0163  in. 

The expansion of its adjacent frame is 
-; ? J  ' 

u, . « (x _ iiLi^K." 
V  l + ^.* / 

- (0.0163) (1 + 0.0227) 

• 0.0167 in. 
»  •    • » 

The parameters of longitudinal expansion an,d radial 
quilting of th&i.skin betVdeh'these two rings are determined 
by substituting the values of Uj.  and us  in equations (60) 
and (51) . : 

(2.57 - 0.6)(0.0293) -' ( 0.3 )' (l. 57 ) ( 61 Ö1&7 • +v 0.01 63 ) 
• a »  :  

••.:'..•. '::. L..:. <2>. < ?.• 8.5.;):X(1 .48.8 ) $2i57)   - • Oj 09] • ' • ' ., . 
:.--ovdoi99-ii.'-'•••'':' •• C'-"-*.-!' *:"?. >•.; ••'••••'    •'; • i 

[(2) (1.488) - 0.3] (0.0293) + (0.09- 1. 488)(0.0167 + 0.0163) 

•'••••'•';- • "--(ay L(iUB8):''C2j57)  - o.Ö9J.;J ., ... 

a 0.00435 in. 
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A comparison between the strain energy o.f. expansion and 
of bending of ring is shown. 

Energy of expansion (equation (25):). 

TTA« B V = _ n 

TT.X 0.0744   X-  B   X    (0.0165)3 

28.5 

*   2.17   X   10"6  33 

Energy   of'-b-endl-ng   (equation;   (-29))  ' 

,        it!   I' 
V =  5— un •   • 

r 

m gxl   X   0.0176   (0>016S) 

(28.5) 3 

^''S.9   X   10"8  B 

It is obvious that the energy of bending of ring can be neg- 
lected here in the discussion. . . ;. -.,  .> r.-r + r - 

The strains and stresses are derived from the deforma- 
tion parameters.   , •' -'•' 

Longitudinal' Strain" of Sjgj-n -(S^Vsfr»''erf *81ringed) ;:•-' 

ex = v3/l - 0.00199/10 = O.OQO.1.99,  . . 

Circumferential Strain of Skin 

('      J.        Wo^ (0.0167) +  (0.0163)    . ..... (u1 + us)/2+wa        r————rr-r  +   0.00435 

ez   • " '       - 28.5 

a   0.000734 
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.vMaximum Value 

(uj. + ua)/2 + 2 w3 €z (max) s  ;   v 

0.0167 » 0,0163 + {2) (0.00435) 
 2 . 

28.5. 

= 0.000954 

Strain of Frame 

€frame  a u3/r = 0.0163/28.5 » 0.000572 

Longitudinal Stress of Skin 

ex  +   »   «,   _ 
ffx   " 1    -    (AS 

0.000199   +   <0.3)    (0.000734) X   10,300,000 
0.91     ....„ : 

= 4750 psi 

Circumferential Stresses of Skin 

Average • " • 

az   =   0.000734 +   (0.3)   (0.000199)   x   10„30Q,000 
"•'• o.9i      :. .." -V  • 

=   9000 psi "• : '*  •" 

Maximum .••••::'• ' 

•. (M.)- °-0009S4 * '(0%$J£.ooai,,) » i°,g°°.°°° 

»»   10,800 psi u •   ,-j.f 
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Stringer   Stress . i'.:*>'. 

CTstringer  =   0.000199.--X   10,300,000 

B   2050 psi 

Frame   Stress 

afipja»e. ".  0.000572   X   10,300,000 

'"'"    =' 549 0 psi *'J 

A  comparison  "between  the .results   determj.jfeji' fr"ö'm 'experi- 
ment ,   from  empirica"!   formulas   (equations   ('3),' C4)',   (5),   and 
(6)   and  from  the  mathematical  analysis   is   shown  in   the   fol- 

lowing  tahle..    '   ' -'-   :':-! •••—•  •••       •   --'^s^   -«•«•   .5 

-.0.:' 
"to LB' 1 

COMPARISON   OF   STRESSES   IN  PRESSURlZ-ED'vtfAl3I'N • STKtrOWR'E ^ ' 

4*.. From-..* - 
exp-er Imeot. 

(psi)  . 

 ' '•„ T fl J 

From.i t's j 
.empiri-csfl' 

formul-er. . 
. Cpsi..)., 

•<-,•• -F-ront j.%-«»».'; 
-m a t h'efli-a;t i c ajl 

analysis-. • 
. -.'  (pS.i) ,..•  . 

• '       . .••••._ .*j; - :•:• 

Longitudinal skin. , . 
stcess.    ' . '•'•'*   ,' ' 

Circumferential skin 
stress (av.) 

Circumferential skin 
stress (max.) 

Stringer stress 

Frame stress 

.:. ? .• • 

5,230 ."' 

8,560 

: ." *   •   <'.} 

,f:^35>;  -"I 
>.;:£'( ' •• .•*•• 

6,660 

/ ( 
'  . . t 

9', aoo /v 

~ J cf o i •» o ;: • 

* :cid1Wö)m *• 

'5", 49 0 

."'iiVabo 

1,300 . 

4,400 

The., exp.kns.ion!,.b'f t.hp Renter' hß'i,t frame, is.' calculated to 
he 0.0163 inch asJÄomparedT with the.'experimental value 0,018 
inch   (av.j. 

•it :•• 3 !- 
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DISCUSSION OF RESULTS AND SUGGESTIONS ...ftVl«v.f 

. 'FOH.EUB.THEE' DEVELOPMENT 
'-.?'::••; 

üProm the comparisons "between the experimental results 
and the mathematical solutions, the following facts can "be 
noticed: 

1. The calculated values of skin stresses and frame 
stress all give a satisfactory check. 

, 2. The calculated values of stringer stresses always 
exoe'ed .the experimental valueB. 

3. The calculated frame deflection checks very well - 
with the values determined from experiment. 

One of the reasons for the deviations of the mathemat- 
ical solutions from the experimental values is, of course, 
due to the approximation of the assumption in the energy 
method.  In the assumed funotion of the deflection curve, 
only^ the first term-of the Courier series has been used. 
HowVver, /by noticing that in the result, only the solution 
of the stringer stress has large deviation from the experi- 
mental value, it «öems that there may he something wrong in 
the: assumption.  The assumption, that the skin expands uni- 
formly along the periphery, does not agree with either of 
the two tests described here.  In the test at Lockheed Air- 
craft; Corporation the skin between . stringers had an inward 
deflection.  In the test at Consolidated-Vultee Corporation 
the skin between the stringers deflects more as shown in 
figure. 10. • ..-.>•• 

In calculating the energy of bending of stringers only 
the,moment pf_inertia of the stringer*was considered,  How- 
ever.'fbr a'structure of circular shell with longitudinal 
stiffeners,- there is a redistribution of stresses between 
skin and stlffeners".  A better1 result might be expected", if 
an effective flexural rigidity (BI) were introduced. 

* * ".•'*! 

 ..One. mere .reason, for the deviations between the calcu- 
lated and tested results lies on 'the deviation "Of te'st speci- 
men fr,omt.the. ideal structure.  The nonuniform stress or de- 
flection 4,1,8^ ri but ion" clearly-" -shows the unsyrametry in con- 
struct ionV ' The' fixity between skin ana frames; depends .v«ry 
much on the workmanship during the assembly of«'the test 
specimen. 
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, It might-"be. sugge'sjbjBd--; tha't fur thjstf^eiperi mental investi- 
gations be made to verify the def ormalblVn of the'structure 
and to develop an empirical formula for'the effective  HI 
of,the skin and atiffener combination, . 

further developments dealing with** the ' pressurized cabin 
structure would "be the analysis of the following types of 
structures: 

1.. § Fuselage with nonuni-form cross section - either 
tapered or curved' 

2.'Spherical'or ellipsoidal heads of the pressure ves- 
sel   ^ . . ^        .,,.,,. 

3. The connection "betw.e.en the end and the main struc- 
tures 

Massachusetts Institute of Technology, 
Cambridge; Mass;, October 15, 1944. 

APPENDIX 

Computation of Section Properties of Test Specimens 

' I. Test Specimens at Lockheed Aircraft Corporation (Jigs, 
5a and.- 5b") •;  ••.i;. s-i .- / • ' 

.-•,•*••:.  •-••      . .  r.    • • •.--. T -it  •     '. • 
(1) Area   of  ring  =      (0.512  +   2.648   +   0.586  +   0.199) 

'•'"':' '"'    •'/• \"1 
' +   3x'|x^'0.135   +   ^P^\   X    0.051 

':••:-:..        s       ••'.-: .=•-   (3.945   +   0.707)    0.051 Jm ... 

.... •   ?    . *   4.652. X: 0,051 

.    • .    -   0.238   in.3 
'•    •.   -: -'— '          •   — 

(2) Moment of inertia of ring.;-The moment.of inertia 
is computed approziiuately by assuming straight bends at the 
corners.  The position of the neutral axis from the top chord 
is equal to 

* . »T *- 
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,;..,... g   X .1.5,,X.. 0.937§c,x«g  4-   0,g75j,X;e.812"      8.37   •'.'      ^_.   , 
• —i Li~ 1_  ,    .. , ..    ; ?   —~~~ =   liO/ö.ln» 

••• --rs*   0.9375  +   0.375   +   3:812  +   ö,:6'$7£>      '   "  5   ' '/", 
;-.      .;•;:-.:'=-..      .; .• .<*y * ->* :    : fS-   I'.. 2-t : MS   '•-.    :••:••...•:.•   '-      ' ; 

..-. •• •     • •' ; .•••, •    '« x ••'   - ' ; i E-      /      .-i .. '•   '•    ' 
The   moment   of   inertia   is   computed  through  the   following 

. .tabular ;i arrangement %•,,.,,,_ ... , .    ., t   ... , . A    , _ r^   _.;.,.„=,.•.- 

*;•..       -.-• : '    ':.-...••   -iH.«   "• .'   - • '• '•; I r. •.; . • •,:    .-•''      - •  . -       •    • '• '-'•." 
Part Length   (l) da •    lda%•" 

Top chord' : '" • "Ö;6S75 '" 
• • • " f ;• ':• 

.:;i?62B0'. ' 1.82 

Weh . .3.0 .09 
- • - •      T Ti 

Lower chord .9375 1.30s '••"• 1.58 

Lower leg •' .;Ö75 '" l.fig.83 . . .48" 

2 Id     »   3.97 

..• UY  , •':  1o   <^)/t: -• 337.13  -   2.25   ' 

Moment   of   Inertia  =   6.22x 0.051 

*   0.317   in.4 

, -v; ::•,.-.  >-.   •.•?.-•••  .:••••  , •. :.\ - - ';•   • -: '.-•• •  '• 

(g) Section properties of stringer. 

••.) ;7 . Th.er.following-table'-presents the computation of-^the area, 
the moments of length taken at the base of the cross''section, 
and the distance from the base to the neutral axis. 

Part. .. Length 

Top arc x  Ö..2035 » 

Weh •   •'"• '"••    •' • 

Lower corner «=- x •' 0;14l  *• 
2 

Lower leg ' '  "'•''• 

Arm 
Length 
moment 

0.64 X 0.9257 s 0.593 

:. 6555 X .4688 3 .308 

V0705 .X . 0514 = .004 

t-5 625 X 3 

Total   Length5*  • -1\9385'    Total   Moment   »   0.9Q46 
••    - 

t : ... X   -. •-. 032. 

Total Area   =  0.0617 in.a 

Distance from the base to the neutral axis =  •    '-  0,490 in. 
1.9285 
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t      v   .  '- * ... -t . 7 7 ,   i • . • -z ' • •     • • : - . _ 

The following table presents the'computation of the mo- 
ment of in,ertia of the stringer.      - 

Part ' Length' (l)  :r ! d3 Idl. 

Top arc    ,-•';.'   0.64:- J '" (0.43B7)8 0.122 

Web                ;6555 v ?"'• (.0212)3 .003 

Lower corner      .0705' •"', £'(-^4#9 )3 .014 

Lower leg          .5625    •" '(v"-*??*1 :-:': .135 

. < r:- ^ • '-"• • !; '• •       ••"   zida = 0.274 

t             12 
.024 

Io (Arc) = (0.2035)3fn - 2 * 2>) = 
•  . t   •   • •           •  . • \2      TT  / 

.002 

t 
0.300 

The moment of' inertia =0.300 X 0.032 = 0.0096 in.* 

A summary of the section properties of the specimens at 
Lockheed Aircraft Corporation, .is 'giSreh. in-> the following table, 

Stringer area              A 0.238  in.a 

Stringer moment of inertia  I .317  in.4 

Frame area                  A1 .0617 in.a 

Frame moment of inertia     I1 .0096 in.4 

II. Test Specimen at Consolidated-Vultee Aircraft 
Corporation (Fig. 8) 

(1) Ring 

Area (A') = (1.20 + 2 X 0.5625) X 0.032 

= 2.325 X 0.032 

- 0.0744 in.8 
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Moment   of itä'tt'ia' (t *') .    , 

=     1.'20    +/3   X   0.5*25  x:i(Ö;-6)a 1 X   0.033 

' '• ='   0.033 "(0.144  +   0.405) 

'    =' 0,033  X   0.549 

' • •• 0.0176   in.* 

(2)   Stringer 

Area   (A)   *   2  x  f- x   0.030 ».0.025   in. a 
8 , • . 

Neutral" axis position —- 5/32 from top leg 

Moment of Inert.ia (I)  •• .   » '«~"i;"-) 

•-'[^ri.y x 2 + p.)* x A • 
' "L8      Xz2/ Vs/        i; 

.    „-»(0,0305  + .0.. 0203)   * 'Ö.-03Ö 

=   0. 05 0Q   * -0. 020 

' =   0.00103   in.4 

X   0.030 

••..•• t 
^ ir.i' ;: 

' i •• 
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Figure 2.- Longitudinal «tsetses du« to px«s*ure, Lockheed Model 49 test section. 
Ratio of «kin area/stiffener area * 3.08; skin thickness « .032 and .040; 
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figure 3.- Circumferential stresses due to pressure, Lockheed Model 4» test section* 
Ratio of skin area/frame area *> a.36. 
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Figure 7.- Stiffener deflection relativ« to frame against pressure, Lookheed Model 49 
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Figure 9. - Celstrain gang» Installation and stresses in control 
specimen at 6.56 psi.     1/2 scale test section; 

Consolidated XB-S2 airplane. 
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Figure 10.- Radial deflections with respeot to and bulkheads at 6.66 psi. 1/2 scale test 
section; Consolidated XB-32 airplane. 
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